We describe weighted projective lines in the sense of Geigle and Lenzing by a moduli problem on the canonical algebra of Ringel. We then go on to study generators of the derived categories of coherent sheaves on the total spaces of their canonical bundles, and show that they are rarely tilting. We also give a moduli construction for these total spaces for weighted projective lines with three orbifold points.
Introduction
Weighted projective lines in the sense of Geigle and Lenzing [GL87] are one-dimensional smooth rational Deligne-Mumford stacks without generic stabilizers. They have fascinating connections with many branches of mathematics, such as representation theory of finite-dimensional algebras, singularity theory, hypergeometric functions, and automorphic forms. The reader can consult the review article [Len11] and references therein for more on such interactions.
Let Q be the quiver a 2,p 2 −1 a n,0 a n,1 a n,2 a n,pn−2 a n,pn−1 (1.1) and I ⊂ CQ be the ideal of relations generated by a i,p i −1 · · · a i,0 − a 2,p 2 −1 · · · a 2,0 + λ i a 1,p 1 −1 · · · a 1,0 , i = 3, . . . , n.
(1.
2)
The path algebra A := CQ/I with relations is the canonical algebra introduced by Ringel [Rin84] . By [GL87, Proposition 4.1], there is a tilting object E =
obtained as the direct sum of line bundles (E i ) n i=1 , whose endomorphism algebra is isormorphic to A; A ∼ = End E.
(1.3)
Then Morita theory for derived categories [Bon89, Ric89] gives an equivalence
of triangulated categories. Let Q 0 and Q 1 be the set of vertices and arrows of the quiver Q, and Z Q 0 be the free abelian group generated by the symbols e i for i ∈ Q 0 . Consider the natural homomorphism pic : Z Q 0 → Pic X (1.5) sending e i to the line bundle corresponding to i ∈ Q 0 . The kernel of pic will be denoted by K := Ker(pic).
(1.6)
In Section 3, we give an adaptation of the notion of refinements from [Abd12] to the current non-toric setting, and define the moduli space M θ (Q, I, K; d) of K-refined representations of the quiver (Q, I) with relations. Here d is the dimension vector and θ is the stability parameter. The first main result in this paper is the following:
Theorem 1.1. For a suitable choice ϑ of a stability parameter, there is an isomorphism X ∼ = M ϑ (Q, I, K; 1) of stacks. The pull-back of the tautological bundle on M ϑ (Q, I, K; 1) by this isomorphism is isomorphic to E.
A weighted projective line X is called spherical, Euclidean, or hyperbolic if the orbifold Euler characteristic
is positive, zero, or negative respectively. Spherical weighted projective lines naturally correspond to simply-laced Dynkin diagrams as follows: When X is spherical, the spectrum Y 0 = Spec R of the anti-canonical ring
is isomorphic to the corresponding Kleinian singularity [GL91, Proposition 8.5]. The total space K of the canonical bundle of X has orbifold singularities of types
(1, −1) at the i-th orbifold points in the zero-section X ⊂ K, so that the coarse moduli space K of K is a partial resolution of Y with three simple singularities of types A p 1 −1 , A p 2 −1 and A p 3 −1 . The minimal resolution Y of K is the minimal resolution of Y 0 , and the exceptional divisor is a tree of (−2)-curves where three chains of (−2)-curves consisting of p 1 − 1, p 2 − 1 and p 3 − 1 rational curves is connected to the (−2)-curve obtained as the strict transform of the zero-section in K. One has a derived equivalence
by Kapranov and Vasserot [KV00] . The pull-back E = π * E of the tilting object E by the natural projection π : K → X is a generator of D b coh K. Recall that E is said to be acyclic if Hom i ( E, E) = 0 for any i = 0. We prove the following in Section 4 by a case-by-case analysis through Figure 1 .1: Theorem 1.2. E is acyclic if and only if X is spherical of type A.
The endomorphism dg algebra end E is quasi-isomorphic to the 2-Calabi-Yau completion (or the derived 2-preprojective algebra)
of End E in the sense of Keller [Kel11, 4.1], and one has an equivalence
of triangulated categories [Bal, Seg08] . Theorem 1.2 shows that end E is quasi-isomorphic to End E if and only if X is spherical of type A. Let G ⊂ P SL 2 (C) be a finite Kleinian group, so that the quotient stack X = [P 1 /G] is a spherical weighted projective line. The dg algebra end E is derived-equivalent to the crossed-product algebra C[x, y] ⋊ G, where G is the inverse image of G by the projection SL 2 (C) → P SL 2 (C). The crossed product algebra C[x, y]⋊G in turn is Morita-equivalent to the path algebra with relations of the McKay quiver of G. Kronheimer's construction [Kro89] (cf. also [Nak99, Section 4]) gives a fine moduli interpretation of the crepant resolution Y of C 2 /G in terms of framed representations of the McKay quiver. Let X be a weighted projective line with at most three orbifold points and π : K → X be the canonical bundle. Let further ( Q, I) be the quiver with relations describing the endomorphism algebra of the vector bundle E := π * E on K. In Section 6, we introduce the moduli stack M fr θ ( Q, I; 1) of a framed refined representation of ( Q, I) of dimension vector 1. Unlike the construction of Kronheimer, we frame arrows instead of vertices. Although C Q/ I is not derived-equivalent to K, we can show the following: 
Weighted projective lines after Geigle and Lenzing
Let X be a smooth rational Deligne-Mumford stack of dimension one without generic stabilizer. Such a stack is called a weighted projective line by Geigle and Lenzing. We recall some basic results from [GL87] in this section. We write the orbifold points on X as x 1 , . . . , x n . The absence of generic stabilizer implies that the stabilizer group Γ i at x i is a cyclic group for any i = 1, . . . , n, and we write its order as p i . Locally around x i , one can take an orbifold chart [U i /Γ i ] ֒→ X, where U i is an open subscheme of an affine line A 1 = Spec C[u] and a generator of Γ i acts linearly on u by a primitive p i -th root of unity. The Picard group of X is generated by
Define O X ( c) as the line bundle O X (x), which does not depend on the choice of a point x ∈ X \ {x 1 , . . . , x n }. One has relations
and the Picard group of X is given by
Choose a global coordinate on the coarse moduli space X ∼ = P 1 so that the images z 1 , . . . , z n ∈ X of x 1 , . . . , x n ∈ X are given in this coordinate by λ 1 = ∞, λ 2 = 0, λ 3 = 1, and λ 4 , . . . , λ n ∈ P 1 \ {0, 1, ∞}. Then the total coordinate ring (also known as the Cox ring) of X is the L-graded ring given by
. . , n, and X is recovered as the quotient stack
where G is the affine algebraic group G = Spec C[L]. The graded ring S X is Gorenstein with parameter ω = (n − 2) − n i=1 x i , and Serre duality on X is given by
The object E is called a tilting object if it is an acyclic object which classically generates
of line bundles on X is a tilting object in D b coh X by [GL87, Proposition 4.1]. The endomorphism algebra End E is isomorphic to the path algebra A of the quiver (Q, I) with relations defined in (1.1) and (1.2). The line bundles (E 1 , . . . , E N ) on X correspond to the vertices (v 0 , v 1,1 , . . . , v 1,p 1 −1 , . . . , v n,1 , . . . , v n,pn−1 , v 1 ) in such a way that the isomorphism (1.3) sends the idempotent associated with the vertex to the identity morphism of the corresponding line bundle.
The moduli space of refined representations
Let B be the subset of Z Q 0 consisting of b i,j := e i,j+1 − e i,j − e i,1 + e 0 and b 0 := e 0 . This set forms a basis of the group K defined in (1.6). We regard b ∈ B as an element of Hom(
The following notion of refinements is an adaptation from [Abd12] :
of Q satisfying the relations I together with non-zero elements
and a non-zero element g ∈ W 0 .
Note that the vector space Hom(Hom(W 0 , W i,1 ), Hom(W i,j , W i,j+1 )) containing f i,j can be written as
Although Definition 3.1 is given in terms of the basis B of K, one can easily see that the notion of refined representation is independent of the choice of B and depends only on K. The arrows a i,j in the quiver Q naturally correspond to elements of the Cox ring S X of X, and the role of the elements f i,j ∈ W ⊗b i,j is to fix isomorphisms between arrows corresponding to the same elements of S X . On the other hand, the non-zero element g ∈ W 0 rigidifies the automorphism given by an overall scalar multiplication.
Definition 3.2. For a filtration
of representations of Q and an element θ ∈ Hom(Z Q 0 , Z), we set
where dim W j ∈ Z A stack can be defined either as a category or as a 2-functor. The first point of view is technically simpler due to the lack of need to introduce the notion of 2-categories, and the second point of view is amenable to generalization to higher and derived stacks.
From the first point of view, our moduli problem can be formulated as follows:
Definition 3.3. The category M θ = M θ (Q, I, K; 1) of flat families of θ-stable K-refined representations of (Q, I) with dimension vector 1 is defined as follows:
. . , n and j = 0, . . . , p i − 1 such that H 0 (f i,j ) satisfy the relations (3.1), and
such that the refined representation determined by the above data is θ-stable at every point s ∈ S.
• A morphism from a family W to another family W ′ is a morphism ϕ : S → S ′ of schemes together with isomorphisms
where
is the morphism induced by γ i .
The forgetful functor p : M θ → Sch sending W to S makes M θ into a category fibered in groupoid.
From the second point of view, the moduli problem is formulated in terms of a 2-functor M θ : Sch → Grpd from the category of schemes (considered as a 2-category by regarding each scheme as a category with one object and one morphism) to the 2-category of groupoids, which sends a scheme S to the groupoid consisting of families over S.
We will take the first point of view in this paper, and prove Theorem 1.1 along the traditional path of first rigidifying the moduli problem and then quotienting out by equivalences.
Proof of Theorem 1.1. By choosing a basis of W i for every i ∈ Q 0 , a refined representation is represented by a point in the subvaritey Z of
cut-out by the relations (1.2) and (3.1). Two elements of Z define isomorphic refined representations if and only if they lie in the same orbit of the group G Q 0 m under the change-of-basis action.
Given a family W of refined representations, one can choose a sufficiently small open subset U around each point s ∈ S on the base scheme such that the invertible sheaves W i are trivial. By choosing a trivialization, one obtains a morphism from U to Z. Although these morphisms do not necessarily glue together to give a morphism S → Z, the failure of the gluing comes from the action of G 
and let Z s denote the open subvariety of ϑ-stable refined representations of (Q, I). Then one has an isomorphism
of stacks. Note that every point in Z ⊂ R(Q, K) lies in the orbit of a point whose G B mcomponent is given by (1, . . . , 1), and the unstable locus consists just of the origin 0 ∈ Z. Then the relations (1.2) give
The group of characters of the subgroup H ⊂ G Q 0 m is given by Z Q 0 /K, which is isomorphic to Pic X by the definition (1.6) of K. This shows that H is isomorphic to G; 
A tilting bundle on the canonical bundle
Let K be the total space of the canonical bundle of X, and π : K → X be the natural projection. The canonical bundle of K is trivial by the adjunction formula. Let E = N i=1 E i be the tilting object given in (2.3), and set E = π * E.
Proof. Recall that for a smooth Deligne-Mumford stack X, the unbounded derived category D(Qcoh X) of quasi-coherent sheaves is compactly generated, and the full subcategory consisting of compact objects is equivalent to the bounded derived category D b coh X. The proof for a quasi-compact, quasi-separated schemes can be found in [BvdB03, Theorem 3.1.1], and a much more general result for perfect stacks is given in [BZFN10] . It follows that an object F of D b coh X classically generates D b coh X if and only if it generates D(Qcoh X) in the sense that the right orthogonal F ⊥ consists of zero objects (Ravenel and Neeman [Nee92] , cf. also [BvdB03, Theorem 2.1.2]). Now let M be an object of D(Qcoh K) right orthogonal to E in the sense that Hom( E, M[i]) = 0 for all i ∈ Z. The standard adjunction shows
which implies π * M ∼ = 0. This implies M ∼ = 0 since π is an affine morphism. This shows that E generates D(Qcoh K), and hence classically generates D b coh K.
Now we prove Theorem 1.2
Proof of Theorem 1.2. First note that
By considering the case i = j, one obtains H 0 (O X ((k + 1) ω) = 0 for any k ∈ Z ≥0 as a necessary condition for acyclicity. It is easy to see that this condition is satisfied if and only if X is spherical.
If X is spherical of type A, then one has ω = − x 1 − x 2 , and one can easily see that
) ω)) = 0 for any i, j ∈ {1, . . . , N} and any k ∈ Z ≥0 . If X is spherical of type D n+2 , then one has
This concludes the proof of Theorem 1.2.
Quivers for the canonical bundle
The endomorphism algebra End E can be described as the path algebra C Q/ I of a quiver ( Q, I) with relations. In this section, we describe a method to calculate the underlying quiver Q. Note that C Q/ I is just an algebra and not a dg algebra, so that it is not quasi-isomorphic to the endomorphism dg algebra end E if E is not acyclic. Since π * E i and π * E j are line bundles, any element of Hom(π * E i , π * E j ) ⊂ End E comes from an element of the Cox ring S K := L∈Pic K H 0 (L), and one can label each arrow of Q with an element of S K .
Note that S K is isomorphic to S X ⊗ C[t] where t is the tautological section of π * O X ( ω), and K is recovered as the quotient stack
To obtain Q from Q, one first replaces the vertices E i with π * E i while keeping the arrows fixed. Then for each primitive element of
corresponding to an element
we add an arrow from the vertex π * E i to the vertex π * E j of this quiver, which is labeled by a · t k ∈ S K . As an example, let us first consider the case of X = X 2,3,4 . We will write x 1 , x 2 and x 3 as x, y and z respectively. The quiver Q in this case is given by 
and other new arrows are computed similarly. As another example, the quiver Q for the Euclidean weighted projective line X 3,3,3 is shown (without labels) as follows:
For example, the arrow from O K ( x) to O K (2 y) is labeled as t · z and comes from
the arrow from O to itself is labeled as t 3 and comes from
and similarly for all other new arrows. Note that one has 3 ω = 0 in this case.
Remark 5.1. The quivers Q and Q are different when n = 3, since one has
for mutually distinct (i, j, ℓ). Therefore one has a 'new' arrow labeled tx ℓ from π * O X ( x i ) to π * O X ((p j − 1) x j ). However, if n ≥ 4, then one has Hom(O X , O X ( c − ω)) = H 0 (O X ( c + ( x 1 + · · · + x n − (n − 2) c))) = H 0 (O X ( x 1 + · · · + x n − (n − 3) c))
= 0, and Ext ℓ (E i , E j ⊗ O X (−k ω)) vanishes similarly for any i, j, ℓ and positive k, so the quiver Q coincides with Q, and the relation I coincides with I.
6 The canonical bundle as a fine moduli space Let X be a weighted projective line with at most three orbifold points, so that the quiver Q has the same set of vertices as Q and a different set of arrows from Q as explained in Remark 5.1. The Cox ring S K is graded by Pic K, which is isomorphic to L := Pic X by the pull-back morphism π * : Pic X → Pic K. Each arrow of Q is naturally labeled by a monomial in the Cox ring as in (5.3), and one can define a framed refined representation of ( Q, I) as follows: Definition 6.1. A framed refined representation of ( Q, I) of dimension vector 1 consists of
• a representation ((W i ) i∈Q 0 , (w a ) a∈ Q 1 ) of the quiver Q satisfying the relations I of dimension vector 1,
• one-dimensional vector spaces V x , V y , V z , V t ,
• non-zero linear maps f a : V a → Hom(W s(a) , W t(a) ) for each a ∈ Q 1 , and
• a non-zero element g ∈ W 0 satisfying f a (v a ) = w a (6.1)
for all a ∈ Q 1 .
Here, the vector space V a is defined as V when the arrow a corresponds to the monomial x ax y ay z az t at in S K , and the element v a ∈ V a is defined similarly as v . Note that unlike the construction of Kronheimer [Kro89] , we frame arrows instead of vertices. The category M fr ( Q, I; 1) of flat families of framed refined representations of dimension vector 1 is defined just the same way as in Definition 3.3. Now we prove Theorem 1.3.
